ABSTRACT. In previous papers the author has studied the shape of compact connected abelian topological groups. This study has led to a number of theorems and examples in shape theory. In this paper a theorem is proved concerning the Cech homology of compact connected abelian topological groups. This theorem together with the author's previous results are then used to study the movability of general compact Hausdorff spaces. In the theory of shape for compact metric spaces, a number of significant theorems have been proved for movable compact metric spaces. Among these are a theorem of Hurewicz type due to K. Kuperberg, a Whitehead type theorem due to Moszynska, and a theorem concerning the exactness of the Cech homology sequence for movable compact metric pairs due to Overton. In this paper examples are constructed which show that these theorems do not generalize to arbitrary movable compact Hausdorff spaces without additional assumptions.
Introduction. Let C denote the category of compact Hausdorff spaces and continuous maps and let H : C -► HC be the homotopy functor. Let S : C -* SC denote the shape functor to the shape category SC. This notation is basicaUy that of W. Holsztyriski [7] and that of S. MardeSid [21] . We will also be studying the shape of pointed compact Hausdorff spaces and compact Hausdorff pairs. In these cases we wiU let C denote the category of pointed compact Hausdorff spaces (respectively, compact Hausdorff pairs), F the respective homotopy functor, and S : C -> SCthe respective shape functor to the respective shape category. We wiU let context make clear which category and which shape theory is under consideration. We should caution the reader, however, that whether a space has a certain shape property or not may depend on the category under consideration. A continuum X may be movable, but this does not allow us to say that for some choice of x G X, the pointed continuum iX, x) is movable. Of course, if (A, x) is movable, then so is X.
[11]). In [12] the continuity of S : C -► SC was used to show that S preserves direct products. In [12] an example was given which shows that the more general shape functor defined on aU topological spaces introduced by MardeSic [21] does not preserve direct products. The continuity of the shape func-V V tor and the continuity of Cech homology and Cech cohomology for the category of compact Hausdorff spaces wiU be used a number of places in this paper.
The shape invariant notion of movabüity was introduced by K. Borsuk in [2]. Borsuk introduced the notion for the class of compact metric spaces. Using the ANR-systems approach to shape theory MardeSic" and Segal [24] generalized the notion of movabiUty to the category of compact Hausdorff spaces and by analogy to the category of pointed compact Hausdorff spaces and compact Hausdorff pairs. Other generalizations of movabiUty to a larger class of spaces than the compact metric spaces were introduced by M. Moszynska [26] and Kozlowski and Segal [17] . The different notions of movabiUty agree on the class of compact metric spaces (see [17] and [32] ). However, these notions of movabiUty do not agree in the category of compact Hausdorff spaces.
The notion of movabiUty has played an important role in the development of shape theory. The class of movable spaces is significantly larger than the class of ANR's and yet a number of theorems concerning ANR's generaUze in shape theory to the class of movable spaces. Among these is a shape version of the Whitehead theorem ([27] and [13] ), a theorem of Hurewicz type [19] , and a theorem concerning the exactness of Cech homology for movable compact metric pairs [28] . These theorems wiU be stated precisely in §1 of the paper. In each of these theorems, the spaces involved were not only assumed to be compact, but were also assumed to be metric. In this paper we use the author's results in his study of the shape of compact connected abelian topological groups ( [8] . [9] , [10] , and [11] ) to show that the assumption of metrizabiUty in each of these cases cannot be eUminated without additional assumptions. We also give some compact metric examples which help to Ulustrate and show the limits of these theorems in the compact metric case as weU. The main examples described in § §3, 4, and 5 were announced with a brief description in [14] .
The reader is assumed to have a basic knowledge of shape theory, particularly of the approach described by MardeSic" in [21] and the ANR-systems approach due to MardeSic and Segal [25] . The reader should also be familiar with the basic elements of the theory of compact topological groups. In particular he should be famiUar with Pontryagin duaUty theory for locaUy compact abelian topological groups. Pontryagin [30] is a good reference. Use also wiU be made in this paper of the theory of abeüan groups. The volumes by Fuchs wiU contain aU the material we need in this area ( [4] and [5] ).
If (A, x) is a pointed compactum, we let *kiX, x) denote the fc-dimensional shape group of (X, x). We let itk{iX, x)} denote the fc-dimensional homotopy pro-group of (X, x). This notation is the same as in [13] and [3] . Both itkiX, x) and 7rfc{(Ar, x)} are shape invariants of (A, x) where one uses pointed shape theory. In §4 we point out that for v ^ x, vkiX, x) and ^(A; y) and ^{(A", x)} and itkHX, y)} may not be isomorphic, respectively, even for X a metric continuum.
We let Fk(A) and FK(A) denote the ^-dimensional Cech homology and cohomology groups of X with integer coefficients. These are shape invariants of X whether X is a compact Hausdorff space, a pointed compact Hausdorff space, or a compact Hausdorff pair.
1. Movability. In [2] Borsuk introduced the notion of movabiUty for compact metric spaces. In [25] MardeSic and Segal translated this concept into the language of ANR-systems and generalized the concept to arbitrary compact Hausdorff spaces. We now give the definition of movabiUty due to Mardeaó and Segal.
1.1. Definition. Let X he a compact Hausdorff space and X= {Xa; itaß ; a < ß E A} be an associated ANR-system for X. Then X is said to be movable provided that for a G A, there is a ß > a, such that for every y E A with y > ß, there is a map r^7 : Xß -► Xy such that
where F is the homotopy functor. If X has a movable ANR-system associated with it, then X is said to be movable. In [24] Mardeäc" and Segal show that the definition of movabiUty of a compactum A* is independent of the ANR-system associated with it and is a shape invariant of X. This definition and result is also valid for pointed compact Hausdorff spaces and for compact Hausdorff pairs. All ANR's are movable as are aU plane compacta and aU 0-dimensional compacta. If one takes an arbitrary coUection of movable compacta, then the product space is also movable. There are nonmovable peano continua (see [10] for one construction). However, every one-dimensional peano continuum is movable [29] .
A compact connected abeUan topological group is movable if and only if it is locaUy connected [8] . Moreover, this is not true for compact connected topological groups which are not abeUan. They may be locaUy connected and not movable We now State several important theorems concerning movable spaces. The first is a shape version of the Whitehead theorem due to Moszyiiska [27].
1.2. Theorem. Let (X, x) and (Y, y) be finite-dimensional movable pointed continua and let F: (X, x) -*■ (Y, y) be a shape morphism such that F* : nk(X, x) -*■ Î k(y» y) is an isomorphism for 1<A:<«0 + 1= max{l + dim X, dim Y} + 1 and an epimorphism fork = n0 + l. Then F is a shape equivalence.
There is a gap in the proof of this theorem in [27] based on an error in [26] . However, this gap has been fiUed in [13] by the author. An example due to Draper and Keesling in [3] has shown that the hypothesis of finite-dimensionaUty cannot be eliminated in Theorem 1.2. In [18] Kozlowski and Segal show that a pointed metric continuum (X, x) which is movable and which has TTk(X, x) = 0 for aU k > 1 must have trivial shape. So in case the space YoiX has the shape of a point, the dimension restrictions in Theorem 1.2 can be eliminated. The example described in §3 shows that a pointed movable continuum (X, x) which is not metric may have 7rk(AT, *) = 0 for aU k > 1 with (X, x) not having the shape of a point. It seems Ukely that the example in §3 will have further applications as weU.
The second theorem that we state is a shape version of the Hurewicz theorem due to K. Kuperberg [19] .
1.3. Theorem. Let (X, x) be a pointed movable metric continuum. Suppose that n>2 and that ik(X,x) = Q for Kk<n-\. ThenHk(X) = 0for KK n-l and tt"(X, x) is isomorphic to Hn(X).
In §4 we show that the metrizabiUty of (X, x) cannot be eliminated without additional hypotheses. We also point out that a compact metric continuum described in [12] shows that movabiUty is a necessary hypothesis even in the compact metric case.
The next theorem is due to Overton [28]. V 1.4. Theorem. Let (X, A) be a movable compact metric pair. Then the Cech homology sequence of(X, A) is exact.
Of course, the Cech homology sequence is not exact in general even for compact metric pairs. In §5 we give an example of a movable compact Hausdorff pair with the Cech homology sequence of (X, A) not exact. This answers a question posed in [28] .
The next theorem is due to Keesling [10] . We first need a definition. 1.5. Definition. Let 7/be an abeUan group. Then 7/is Hx-free provided every countable subgroup of 7/is free abelian. If 7/is a torsion free abeUan group, then 7/ is N,-free if and only if it has property L (see [8] The last theorem we mention is due to MardeSic. However, the proof of Overton and Segal [29] is quite short.
1.7. Theorem. Let X be an n-dimensional LC"-1 peano continuum. Then X is movable. 2.1. Theorem. Let A and B be compact connected abelian topological groups. Then if A and B are shape equivalent, then they are isomorphic as topological groups.
In particular, two such topological groups which are shape equivalent are homeomorphic. It might seem that shape theory is trivial in the category of compact connected abeUan topological groups because of Theorem 2.1. However, Theorem 2.1 aUows us to translate shape invariant properties of spaces A which are compact connected abelian topological groups into algebraic properties of their character groups, char A Since chai ,4 -H1 (A), this is equivalent to translating the shape invariant property into an algebraic property ofH1(A). This aUows us to use the theory of abelian groups to attack problems in shape theory. For example in [8] the shape invariant property of movabiUty is translated into an algebraic property of Hl(A) foiA a compact connected abeUan topological group. This is the next theorem stated.
2.2. Theorem. Let A be a compact connected abelian topological group.
Then A is movable if and only ifHl(A) is Xx-free. This is a partial converse to Theorem 1.6. Theorem 2.2 aUows us to construct an arbitrary movable compact connected abeUan topological group A by taking an arbitrary X, -free abeUan group H and letting A = char H. Then A is movable since H^ charA ^H1(A).
The next theorem is due to K. Hofmann [6] and shows how to compute the cohomology of a compact connected abeUan topological group A given H1 (A). Proof. Let Tk be a fc-dimensional torus. Then Hm(Tk) is isomorphic to Zkcm aud ^us ¡s a finitely generated free abelian group for aU 0 < m < k and is 0 for m > k + 1. By the Universal Coefficient Theorem for singular cohomology [31, Theorem 3, p. 243] we have a functorial short exact sequence:
Since Hn_x(Tk) is a finitely generated free abeUan group, Ext(Hn_x(Tk), Z) = 0. Thus there is a natural isomorphism between Hn(Tk) and Hom(Hn(Tk), Z). Let H be a finitely generated free abelian group. We define the dual of H to be H* = Horn (77, Z). Clearly H<*H* = Hom(//, Z), but not by a natural isomorphism. However, if one defines h:H-*-H** by h(x)(g) = g(x) for x G H and g EH* = Horn (H, Z), then clearly A is a natural isomorphism. Now h induces the following natural isomorphism:
Hn(Tk) -* Hom(Hom(Hn(Tk), Z), Z).
However, we have already shown that H"(Tk) is naturally isomorphic to Horn (Hn(Tk), Z). Thus we have a natural isomorphism from Hn(Tk) to Hom(//"(F*), Z) and the theorem is true for tori. Now let A he an arbitrary compact connected abelian topological group. Let A be the inverse limit of an inverse system of toû{Taa; -n^', a < ß E T}. Then there are the foUowing natural isomorphisms:
HniA) ^Um{F"(7-^)} « Um{Hom(F"(7f a),Z)} * HomOim{F"(r*a)}, Z) * Hom(F"(/l), Z). by the isomorphism which takes g G Horn(T, A) to its dual homomorphism g* G Hom(chaM, char T). This gives us a natural isomorphism from HomfF1^), Z) to nx(A). Applying Theorem 2.4 we get the required natural isomorphism from HX(A) to lx(A).
For the last part of the theorem let A he the inverse limit of the inverse system of toti{T*a; itap ; a < ß E T}. Then itn(A) is the inverse Umit of the inverse system {itn(Tkta); itaß*; a < ß E V}. However, itn(T*a) = 0 for all n > 2. 3. The Whitehead Theorem. Let A be a compact connected abelian topological group. Then we first want to observe that A is movable if and only if (A, 0) is movable as a pointed compactum. This can be seen by modifying the proof of Theorem 2.5 of [8] using Theorem 1.2 of [8] . We leave this to the reader. In this section we describe a compact connected abelian topological group A such that A is movable with Hn(A) = 0 for aU « > 1 and it "(A) = 0 for aU « > 1, but with A not shape equivalent to a point. If one lets /: {p} -► A be v defined by f(p) = 0, then / induces an isomorphism on aU Cech homology groups and all shape groups, but is not a shape equivalence. In the example A is not metrizable. According to [18] a movable metrizable pointed continuum (X, x) with TTn(X, x) = 0 for all « > 1 must have trivial shape.
3.1. Theorem. There is a movable compact connected abelian topological group A such that TTn(A) = Hn(A) = 0foralln>
1, but with A not having the shape of a point.
Proof. Let 7/ be a nontrivial fr^-free abelian group such that Hom(7/, Z) = 0. Such a group 7/ exists by Theorem 2. In [18] Kozlowski and Segal point out that the compact connected abeUan topological group described in Theorem 3.1 (which was first mentioned by the author in [14] ) is an example of a movable continuum which is not uniformly movable.
4. The Hurewicz theorem. In [19] K. Kuperberg showed that if (A, x) is a pointed movable metric continuum with 7rfc(A", x) = 0 for 1 < k < n -1 with n > 2, then Ffc(A) = 0 for 1 < k < n -1 and 7r"(A*, x) is isomorphic to Hn(X). In this section we show that this may be false if A* is not metric.
Before we present the main result of this section we present an example described in [12] which shows that movabiUty cannot be eliminated in Theorem which wül be zero for 1 < k < n -1 and nonzero for k = n. Now for the base point a described above, 7rk(Z V 22, a) » vk(Z, z) -Hk(Z) = Hk(Z V S2) and there is no contradiction to the Hurewicz theorem. However, for the base point b described above, -nk(Z V S2, b) = 0 for aU k. Thus for k = n, nn(Z V 22, b) # Hn(Z V S2). Of course, the example here is not movable.
In the remainder of this section we describe two movable pointed continua (Xn, xn) and (Yn, yn) such that ir^, x") = ik(Yn, y") = 0 for 1 < * < n -1 and HkiXn) = HkiY") = 0 for 1 < k < n -1. However, either F"(A"") f Proof. Let n > 2 be given. We wiU describe two pointed movable continua iXn, xn) and (Yn, yn) and then show that at least one of them satisfies the conditions of Theorem 4.3. We cannot at this time be certain which of the two examples is in fact the counterexample we seek, but at least one of them is a counterexample. Both Xn and Yn are homeomorphic, but the choice of base points in each is different. We now describe (Xn, xn) and (Yn, yn).
Let H be a nontrivial N,-free abelian group with Hom(//, Z) = 0. Let A = char//. Then as in the previous section A is movable and nk(A) = 0 for aU k > 1 and Hk(A) = 0 for aU k > 1. Now let /: A -* A be defined by f(x) = 2x. Then / is a continuous homomorphism. Note that the dual homomorphism /* : char ,4 -♦ char A is also defined by f*(x) = 2x. Since char .4 -His Nj-free and thus torsion free,/* must be one-to-one. Thus/must be onto by duaUty. We now claim that / is not one-to-one. Claim 1. f:A ->A is not one-to-one. Proof of Claim 1. We wiU show this by showing /* is not onto. Now /*: 7/ -► 7/ is defined by f*(x) = 2x. Iff* were onto, then letting x # 0 in H we would have that for every w, there is ay EH such that 2ny = x. Since 7/ is torsion free, these roots are unique. Thus we get a copy of the group Q^ = {wi/2" :m, n EZ} contained in H. However, Q*2* is a countable subgroup of H which is not free, contradicting the fact that H is X, -free. Thus/* cannot be onto and / cannot be one-to-one.
Since / is not one-to-one, ker/ =£ 0. Let y E A be such that y =£ 0 with 2y = 0. Now let Xn = A V S" = Yn where the wedge point is 0 G A. Let the base point xn in Xn be the wedge point and let the base point yn E Yn be y" =y.
Claim 2. (Xn, xn) is movable as a pointed continuum. Proof of Claim 2. Whenever one takes the wedge of two pointed movable continua where the wedge points are the base points and the base point of the wedge is the wedge point, then the resultant pointed continuum is movable. This is routine and we leave the detaUs to the reader. However, if the base point chosen is not the wedge point as in the case of (Yn, yn), then the movabiUty is more difficult. Claim 3. (Yn, yn) is movable as a pointed continuum. Before we prove Claim 3 we wiU need the following technical lemma which we state as Claim 4.
Claim 4. Let F be a compact connected abeUan topological group. If B is movable, then there is an inverse system of tori {T£a;naß; ct<ßEY} with continuous onto homomorphisms as bonding maps having B as inverse Umit such that whenever ß > a there is a continuous homomorphism r"? : T^a -► F^ such that TTaß o r«ß is the identity on f¡*. Furthermore, ïp » F£a x Tm with the *<*/?: Tßß ~~" Taa equivalent to the projection map of T^a x Tm onto T%*.
Proof of Claim 4. The proof uses Pontryagin duaUty. Let 7/ = charF. Then 7/ is Xj-free since F is movable by Theorem 1.6. A pure subgroup G of H is one such that H/G is torsion free. RecaU that H is Kj-free if and only if License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use some examples in shape theory 179 every finitely generated subgroup G is contained in a finitely generated pure subgroup of H. As is well known, H is the direct limit of its finitely generated subgroups directed by inclusion. Thus F is also the direct limit of its finitely generated pure subgroups since it is N,-free and the finitely generated pure subgroups of F are cofinal in the direct system of all finitely generated subgroups. Let {Ga; eaß\ a</3 G T} be the directed system of aU finitely generated pure subgroups of H. Then let 7^a ■ char Ga and tta& = e*0 be the dual homomorphism for a < ß. By duahty and the fact that H is the direct limit of {Ga}, we have that B is the inverse Umit of the inverse system {T^a; ita*\ a < ß E T}. We now show that this inverse system has the properties required in Claim 4. The bonding maps are onto homomorphisms since the ea»'s are one-to-one. Now let ß > a. Then since Ga is a pure subgroup of H, it is also a pure subgroup of GßD Ga.
Thus Gß/Ga is torsion free. Since Gß/Ga is finitely generated, G&/Ga is a finitely generated torsion free abeUan group and thus isomorphic to some Zm. This implies that Gß-Zm ®Ga. Thus there is a homomorphism g:G&-*-Ga such that g ° eaß = 1G . Let r0^ = g* be the dual homomorphism. Then îra(J o raß is the identity on T^a. Note that the kernel of g* wiU be isomorphic to charZm = Tm and that T¡¡" wiU be isomorphic to T^a x Tm with vaß equivalent to the projection onto T^".
Proof of Claim 3. Let {T£a; ita&; a < ß E T} be an inverse system'of tori having the group A as inverse limit such that {7^°} has the properties given in Claim 4. Let ya E T%a be the image of y E A under the projection maps Tta: A -» Tla making A the inverse Umit. Let Za = T^" V 5" for aU a where the wedge point is the identity element 0a G 7^a. Now for aU a in a cofinal Iv C r, irjy) =ya^ "^(O) = 0a since y ¥> 0. Assume therefore that the inverse system has the property that ya i= 0a for aU a E T by replacing T by r'. Now let fae :Zß->Za be defined by /a/3 = Ttaß V 1 ". Then the inverse system {Za\faß\ a < ß E T} has A V Sn as its inverse Umit. Also {(Za, ya); faß; a < ß E T} has (Yn, yn) as its inverse Umit. Let ß > a in T. We now show that there is a map r"ß : (Za, ya) -* (Zß, yß) such that faß o raß : (Za, ya) -*■ (Za, ya) is the identity. This wül clearly imply that the system {(Za, ya)} is movable and thus that (Yn, yn) is movable as asserted. We wül show the existence of raß in Claim 5.
Claim 5. Let ß > a E r. Then there is a map ra" : (Za, ya) -• iZß, yß) such that fttß°rttß=l(Zoiiyay Proof of Claim 5. Let g : T%a -*■ T¡jP he the continuous homomorphism given by Claim 4 such that itaß ° g is the identity on T£a and with the image giT%a) of g in Tßt a factor of T^. Let the map h :Za -* Zß he defined by h=g\l \sn. Then fa& °h is the identity on Za. However, h is not a map from (Za, ya) -* (Zß,yß) since h may not take ya toy0. We need to modify h to get the map r01*3 which is required. From Claim 4, F^ -T^a x Tm with the map 7T equivalent to the projection map onto T£tt. Also g : F£a -► Tß& is equivalent to the map taking T%a isomorphicaUy onto F£« x {0} C T£a x Tm. Then yß wiU correspond to some (ya, b) for some bETm. Using the fact that Tm is a manifold one can get a homotopy pt:Tm -*• Tm for 0 < t < 1 such that pQ is the identity on jection. Then #'(0) = 0 and £'(>c<) = >> T*1011 ^ =g>SJ l$n wiU be well defined and raP(ya) = v^ with/ajJ "^ = l,z y j as asserted. The map rai is simply a "twisting" of the map h described above so that f^ takes va to yß. We now resume the proof of Theorem 4.3. We now know that both (Xn, xn) and (Yn, yn) are movable as pointed continua. It is also clear that Hk(Xn) = Hk(Yn) = Hk(Sn) for aU k > 0. Thus Hk(Xn) = Hk(Yn) = 0 for 1 < * < n -1 and //"(*") = Hn(Yn) = Z.
Claim 6. w fc(ATw, *") = ^(F,,, v") = 0 for 1 < k < n -1. Proof of Claim 6. Let A be the inverse limit of the inverse system of tori {F««; 7rap ; a < ß E Y} and let Za = TlaV S" and the inverse system {Za;faß ; a < ß E r} be defined as in the proof of Claim 5. Let Jta G Za and ya E Za be such that (Xn, xn) and (Yn, yn) axe the inverse limits of the inverse systems {(Za, xa)} and {(Za, ya)}, respectively. Then the inclusion maps ea : r«a -► Za = Tla V S" induce isomorphisms of the homotopy groups of T£a onto those of Za for 1 < k < n -1 so that for aU ß > a the foUowing diagram commutes for 1 < k < n -1. Here aa = xa or aa = 7a, respectively. Thus for 1 < k < n -1 the inverse system of groups {iTk(T£a, aa)} is equivalent to the inverse system {irk(Za, aa)}.
The first system has itk(A, aa) as its limit and the second has irk(Xn, xn) or nk(Yn,yn) as Umit depending on whether aa = xa or aa = ya. RecaU that spaces is the (Zn, zn) which wül satisfy the conclusion of Theorem 4.3. This is the most difficult part of the proof and wül be given as Claim 7. Claim 7. Either Tr"(A"rt, xn) * Z or itn(Yn, yn) # Z. Proof of Claim 7. The proof wül be by contradiction. Suppose that it"(Xn, xn) = Jtn(Yn, yn) = Z. Now let A be the inverse limit of the system of tori {7^tt; ita0; a < ß G T} and (Xn, xn) and (Yn, yn) be the inverse limit of the inverse system {(Za, aa); /ajJ ; a < ß E T} for aa = xa and aa = ya, respectively, where Za = T^a V 5". This is as in the proof of Claim 6. Then the groups itn(Xn, xn) and itn(Yn, yn) are the inverse Umits of the inverse systems {7T"(Za, aa); faß*; a < ß E T} for aa = xa and aa = ya, respectively. Thus each of these inverse systems have the integers Z as their inverse Umit since we are assuming it"(Xn, xn) = it"(Yn, yn) = Z. Now if (Za, 2^) is the universal covering space of (Za, aa), then Za is homeomorphic to F"a with an 5" attached at each of the points Z"a C F"a. We let the base points aa he 0 G F"" for aa = xa and for a"a = ya let a'a=ya€ F" be any point such that Ta(ya) = ya where Ta : R"a -► T£a is the covering map. Also let ra denote the covering map from Za to Za. Note that 2ya E Zn« since 2ya = 0. Now since n > 2, ra* : it"(Za, fl^) -► f"(Zû,, aa) is an isomorphism. Also for ß > ex, there are maps faß : (Zß, Tiß) -► (Za, 2^) such that the foUowing diagram commutes. Thus for ß > a, we have the foUowing:
's' * Clß* '**' ff»(Za, aa) <-rtJZß, aß) f «ÁZ* "a) *-2-*n(Zß> aß)
Thus the systems {itniZa, aa)} and {7r"(Za, aa)} are equivalent for aa = xa and aa= ya. Thus the integers Z must also be the inverse limit of the systems {7r"(Za, fl^)} for a"a =xa and aa=ya.
Let us now consider the inverse system of groups for S"a = xa. Now the group Fa = Tr"(Za, xa) is clearly isomorphic to ©,", Z, the free abeUan group with countably many generators. Each Sn attached in Za serves as one of the free generators for Ha. Consider the 5" attached at xa = 0 G R"a. Then for each a E T there is induced a one-to-one homomorphism ha : tt"(S", *) -* Ha such that for all ß > a, we have: Thus there is a unique induced homomorphism h from TTn(S", *) into Z as the inverse Umit of {Ha}. The homomorphism h is one-to-one since each hu is oneto-one. Suppose that h(irn(Sn, *)) # Z. Let c be an element in the inverse Umit of the 7/a's with c not in the image of h. Let ca E Ha be the projection of c into each Ha. Let m G Z"a and let hm be the generator in Ha corresponding to the Sn attached at the point m E FV Then let {na(m)} be the coefficients of ca so that ca = 2 na(m)hm. If for each a E Y, na(m) = 0 for aU m¥=0, then na(0) = «^ÍO) for aU a and ß in Y. However, this clearly impUes that c is in the image of«, a contradiction. Thus we conclude that there must be an a G T such that na(m) =£ 0 for some m =# 0. However, for this a, the projection of the inverse limit group Z into Ha contains the group generated by na^Á^"' *)) u iccJ-Since ca ls linearly independent of the group «a(ir"(S", *)), this impUes that the projection of Z into Ha has rank greater than or equal to 2 which is not possible. This contradiction shows that the homomorphism h must be onto. We thus consider Z = vn(Sn, *) as the inverse limit of {ir"(Za, xa); faß*\ a < ß E Y} with the «a's the projection maps making Z = irn(S", *) the inverse Umit. On the other hand, Z is also the inverse limit of the inverse system of groups {ir"(Za, ya); /a(3» ; a<ßEY}.
Let the projection homomorphisms be denoted by pa:Z -*■ TTn(Za, 5^,). Earlier we defined the map /: A -* A by f(x) = 2x. Letg:(Yn, yn) -(X", x") be defined byg(x) = f(x) foixEAC Yn = A V 5" and g(x) = x for jc G S" C Yn. Then g is weU defined since /(0) = 0. Also g(y) = 0 since 2y = 0 and thus g(y") = xnandg is base point preserving. Clearly g is continuous. We define ga : (Za, ytt) -► (Za, xa) by ga(x) = 2x for * G F«« and ^tt(*) = * for x E S". Then for aU ß > a, the fol- (Za,xa)<-(Ze,x&) Thus for aU ß > a we have: sponding to the attached 5"'s in (Za, xa). Since g~a(ya) = xa and no S" is attached at ya, no 5" in (zL, ya) maps onto the S" attached at xa = 0 G R"a C Za in (Za, xa). By the proof of Claim 7 this implies that ga*(TTn(Za, ya)) n imha = {0} in 7r"(Za, xa). Now ga*°Pa = ha and thus £a. «> pa = 0 as asserted.
The is a movable pair and that the Cech homology sequence of (X, B) is not exact. Let {T^a; 7Ta(J; a < ß E Y} be an inverse system of tori with onto continuous homomorphisms as bonding maps having A as inverse limit. Let fa '• Taa ~* Taa be defined by fa(x) = 2x and let Xa be the mapping cylinder of fa. Let Ba be the top of the mapping cylinder so that Ba is homeomorphic to T^a and Xa is homotopy equivalent to T^a. Now for aU ß > a the foUowing diagram commutes. 
■+0
The first two isomorphisms are natural and the exact sequences are natural. Thus the last isomorphism is also natural. This implies that ÜmíHomíT/HF^01), Z2)} is isomorphic to hm{Hx(Xa, Ba)} = HX(X, B). However" Um{Hom(//1(7£a), Z2)} is isomorphic to HomOimi.//1^01)}, Z2). Thus Hom(7/1(/l), Z2)^HX(X, B).
SinceHl(A)^ Tl°/Lx Z, HX(X, B) =* HomiTL", Z, Z2) as asserted.
